Abstract. A short and elementary proof of a useful formula in spherical harmonic analysis is provided.
In [3] Sherman proved an integral formula for eigenfunctions of the Laplacian on the sphere S". He developed a certain theory of Fourier analysis on the basis of this formula. The purpose of this note is to give an elementary short proof of Sherman's formula.
Let a = (0.0,1) G S", B = {(xx,...,x"+x) G S"\x"+i =0}. a is the "north Theorem (Sherman, Lemma 3.9 of [3] ).
(1) feb,k(s)fb<k(s')db = Pk((s,s')) for all s E S", s' E S" -B and k > 0, where Pk is a polynomial of degree k with Pk(l) = 1, called the (normalized) Gegenbauer polynomial.
Formula (1) corresponds to formula (1.9) in [3] . Proof. Denote the left-hand side of (1) by F(s, s'). Since F(-s, -s') -F(s, s') we may assume sgn(s', a) -I. Let u^ he the rotation represented by 1 cos 4> -sin <f> sin <j> cos <f> If F(u<t>s, UqS') -F(s, s') for all <¡> such that (u^s', a) > 0, then the proof of (1) will be reduced to the case s' = a (in which (1) is the standard integral formula for the Gegenbauer polynomial, cf. Theorem 7 of [2] or Lemma 4.2 of [3]) because we can always find some rotation u of B and some «^ such that u^us' = a, and it is obvious that F(us, us') = F(s, s'). Hence it is enough to prove dFiu^s, u^s')/dcb = 0. Hence we obtain a useful relation Therefore the integral is zero.
